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nasser@tudor.lu (H. Nasser).In this paper a non-destructive method to predict the whole three-dimensional set of electromechanical
properties of active plate structures is presented. Since the elastic properties of the patches, along with
their piezoelectric properties, have signiﬁcant effect on the dynamic response of the global structure,
the inverse problem of the identiﬁcation of those properties is stated as a constrained minimisation prob-
lem of an error function expressing the difference between the measured eigenfrequencies and the cor-
responding numerical values. Thus, the adopted strategy relies on the dynamic response of the structure
in terms of undamped natural frequencies and makes use of a global optimisation technique. To this pur-
pose, a 3D ﬁnite element model is used to model the piezoelectric sensors, while an improved genetic
algorithm is used as the optimisation tool in order to perform the solution search. The results are dem-
onstrated through a simulated test case, that shows the accuracy of the method.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
A great number of researches have been devoted to develop and
improve the characteristics of piezoelectric transducers. Piezocom-
posites have been developed to overcomemany of the drawbacks of
the standard monolithic piezoelectric wafer, in terms of ﬂexibility
and durability. The modelling of such smart structures equipped
with piezoelectric transducers necessitates an accurate prediction
of the electromechanical properties of the transducer itself.
The ﬁrst attempts to model ﬂat piezocomposites were carried
out by using various homogenization approaches, among which
the uniform ﬁeldmethod (UFM) (Tan and Tong, 2001; Deraemaeker
et al., 2009), the self consistent approach (Koutsawa et al., 2010),
the asymptotic homogenisation method (Sabina et al., 2001; Bisca-
ni et al., 2011) and ﬁnite element based techniques (Deraemaeker
and Nasser, 2010).
Moreover, piezocomposite transducers are composed of multi-
layers of differentmaterials including the active layer, the electrode
layers, and the adhesive between different layers. The accurate
modelling resides into the precise description of each layer in termsll rights reserved.
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M. Montemurro), houssein.of geometry, dimensions and material properties which are usually
not fully provided by the manufacturer [Smart Materials Corpora-
tion]. In such a case, an identiﬁcation process based on numerical
and experimental analyses can be used for obtaining the overall
electromechanical properties of such piezoelectric transducers.
This work aims to exploit the effective electromechanical proper-
ties of monolithic piezoelectric transducer attached to a thin com-
posite plate-like structure. Such an approach can be easily
extended to piezocomposite structures.
Different approaches, basically inverse problem procedures,
have been developed for the identiﬁcation of elastic material mod-
uli. An assessment of these approaches to identiﬁcation methods
for the estimation of mechanical properties on different kind of
laminated structures is available in Pedersen (1999). Most of these
techniques (Soares et al., 1993) use an optimisation procedure in
order to minimize the difference between the measured eigenfre-
quencies and the corresponding ones obtained via a ﬁnite element
model. An improvement of this approach has been proposed by
Araújo et al. (2002, 2006). The authors combined numerical analy-
sis, using a ﬁnite element model, and experimental analysis, using
experimental vibration data, in order to formulate the identiﬁca-
tion problem for a composite plate equipped with surface mounted
piezoelectric transducers. In-plane properties have been obtained
using a gradient-based optimisation algorithm, for which a sensi-
tivity analysis with respect to the design variables is required. This
analysis is a delicate task for the optimisation of complex structure.
Fig. 1. Geometry of the active plate.
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ties of surface bonded sensors and actuators in active structures,
other gradient-based methods, applied to a circular plate model,
have been proposed by Banks et al. (1997).
Other eigenfrequency-based methods for the identiﬁcation of
elastic constants in laminated composite materials include meth-
ods based on response surfaces (Rikards et al., 2003) and the use
of model updating techniques (Chuna and Piranda, 1999). Another
class of inverse techniques is based on ultrasonic and wave propa-
gation measurements along with optimisation techniques, in par-
ticular global optimisation strategies such as genetic algorithms
(GAs) (Balasubramaniam and Rao, 1998; Lui et al., 2002b). Artiﬁcial
neural networks have also been applied to the identiﬁcation prob-
lem of elastic properties of anisotropic laminated plates using sur-
face displacement response in a wave propagation simulation (Lui
et al., 2002a).
A rather complete assessment of inverse problem procedures
for the identiﬁcation of elastic and piezoelectric properties can
be found in Araújo et al. (2012).
The objective of this work is the deﬁnition of an identiﬁcation
technique based on an optimisation procedure for the evaluation
of the full 3D set of electromechanical properties of surface bonded
sensors in active plates. This strategy relies on the dynamic re-
sponse of the structure in terms of undamped natural frequencies
and makes use of GAs as global optimisation techniques. The in-
verse problem of the identiﬁcation of elastic and piezoelectric
properties is stated as a constrained minimisation problem of an
error function expressing the difference between the measured
eigenfrequencies and the corresponding numerical values. Starting
from the strategy conceived by Araújo et al. (2002, 2006), which is
a multi-step identiﬁcation strategy, we consider the parameter
estimation problem in the most general case, without simplifying
hypotheses on the mechanical behaviour of the structure. To this
purpose we built a 3D ﬁnite element (FE) model for the piezoelec-
tric patches, in order to capture (with a good level of accuracy and
reliability) the true mechanical response of the physical system.
The second main feature of our approach (about the formulation
of the inverse problem as a constrained minimisation problem)
consists in the use of the full set of constraints that must be im-
posed to ensure the positive deﬁniteness of the stiffness tensor
of the piezoelectric material of the transducers.
Concerning the optimisation tool, an improved version of the
GA BIANCA, see (Montemurro et al., 2011; Vincenti et al., 2010),
was employed in each phase of the optimisation procedure. GAs
are naturally adapted to deal with different types of variables (con-
tinuous, discrete or pointers). In addition, GAs are ‘‘zero-order’’
methods, i.e. they do not need the calculation of derivatives to per-
form the optimisation process, so they are well suited for discrete-
valued as well as continuous-valued problems. Moreover, during
the optimisation process, the GA is coupled with the FE code
ANSYS in order to evaluate the objective and constraint functions.
The paper is organised as follows: ﬁrstly, the FE model adopted
for the active plate is described in Section 2, then the mathematical
statement of the parameter estimation problem as an optimisation
problem as well as the description of the proposed approach are
detailed in Section 3. Finally, in Section 4 numerical results applied
on an active plate with surface mounted piezoelectric patches are
shown in order to validate the accuracy and the reliability of the
proposed numerical tool.2. Finite element model of the active plate
The optimisation strategy presented in this work allows to ﬁnd
a solution for the material parameters identiﬁcation problem and it
is applied to the active plate structure depicted in Fig. 1. The com-posite plate is made of highly anisotropic unidirectional carbon-
epoxy plies (T300/5280), with 12 layers having the following
stacking sequence: ½0=90=45= 45=0=90S. For both the com-
posite base plate and the piezoelectric patches, a linear elastic
behaviour is assumed as constitutive material law. Moreover, the
material of the elementary layer of the composite plate is consid-
ered to be known a priori. The material properties used in this
application are listed in Table 1 and are taken from (Piefort, 2001).
As shown in Fig. 1, the active plate has nine equally spaced
electroded piezoelectric patches bonded to one of the exterior sur-
faces of the laminate. For the material of the patches, the constitu-
tive equations, in the framework of the linear piezoelectric theory
for active laminated plates are:
e ¼ SbE  rþ dT  bE
D ¼ d  rþ jr  bE ð1Þ
where e and r are the second-order tensors of strain and stress,
respectively, while D and bE are the vectors of electric displacement
and electric ﬁeld, respectively. In Eq. (1) S
bE is the fourth-order com-
pliance tensor measured at constant electric ﬁeld, d is third-order
tensor of piezoelectric charge coefﬁcients, whilst jr is the second-
order permittivity tensor evaluated at constant stress ﬁeld. In the
material frame R : fO; x1; x2; x3g of the patches, if the constitutive
material is orthotropic and assuming the x3 axis as the direction
of the polarization of the material, the tensors S
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Material properties for unidirectional carbon/epoxy ply T300/5208.
Young’s modulus E1 (GPa) 132.40
Young’s modulus E2 (GPa) 10.70
Young’s modulus E3 (GPa) 10.70
Shear modulus G12 (GPa) 5.65
Shear modulus G23 (GPa) 3.38
Shear modulus G13 (GPa) 5.65
Poisson’s ratio m12 0.24
Poisson’s ratio m23 0.49
Poisson’s ratio m13 0.24
Density q (kg/m3) 1580
Ply thickness tply (mm) 0.133
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chanical properties of the piezoelectric patches, an estimation of
the parameters of the tensors of Eq. (2) will be performed. These
parameters represent the design variables of the optimisation
problem. In Section 3 further details about the design variables
and the mathematical statement of the optimisation problem will
be presented.
The FE model of the active plate is realised in ANSYS environ-
ment. The structure is modelled with a combination of shell and
solid elements. In particular, the laminate is modelled using
SHELL281 elements with eight nodes and six degrees of freedom
(DOFs) per node with three integration points along the thickness
of each ply. The piezoelectric patches are modelled using SOLID226
elements which are solid elements with 20 nodes used for cou-
pled-ﬁeld analyses with a variable number of DOFs per node that
depends upon the kind of analysis that has to be performed: for
a coupled-ﬁeld analysis with piezoelectric materials this solid ele-
ment has four DOFs per node, i.e. the three displacements and the
electric potential.
The choice of using solid elements to model the piezoelectric
patches is strictly related to the main goal of our optimisation
strategy: since we have to estimate the electromechanical proper-
ties of the patches in the most general case, i.e. in the 3D case, we
need to build a mathematical model able to describe (with a good
level of accuracy and reliability) the mechanical response of the
physical system. To this purpose the FE model of the active plate
has to be able to catch those phenomena which normally, even
with higher-order 2D theories, are not well described, e.g. the ef-
fect of the out-of-plane Poisson’s ratios, the effect of the shear re-
sponse through-the-thickness and so on.
A detailed description of the optimisation process of the free
vibration analysis for the FE model of the active plate will be given
in Section 3. It is worth noting that when electroded surfaces exist
in a given patch, equipotential conditions must be imposed. More-
over, in order to minimise the errors linked to the modelling of
boundary conditions, a completely free-edge plate is considered
and the extraction of the non-rigid modes from the FE analysis is
carried-out.
As conclusive remark, it can be noticed that the compatibility of
the displacement ﬁeld between the patches (modelled with solid
elements) and the plate (modelled with shell elements) is realised
by means of constraint equations on each corresponding node
belonging to contiguous solid and shell elements. In particular,
we speciﬁed rigid constraints between the nodes of the middle
surface of the plate structure and the corresponding ones of the
bottom surface of the patches (only for what concerns the displace-
ment DOFs). Rigid constraints equations are speciﬁed according to
the classical scheme implemented within the ANSYS code: the
master nodes are the ones belonging to the middle plane of the
composite plate, whilst the slave nodes are the ones located on
the bottom surface of every patch. Through these constraint equa-
tions, the displacement ﬁeld on the top surface of the plate (in theregion wherein the patch is bonded) is equal to that on the bottom
surface of the patch.
3. Formulation of the parameter estimation problem as an
optimisation problem and solving strategy
3.1. Mathematical statement of the parameter estimation problem
In this section, the problem of the estimation of the electrome-
chanical properties of an active plate structure is stated as a con-
strained minimisation problem. The inverse problem considered
here belongs to the class of the minimum distance problems. Our
strategy consists in ﬁnding, through a genetic process, the physical
parameters that, entering into a FE model, minimise the distance
between the real model and the numerical one. This distance de-
pends upon the measured and evaluated eigenfrequencies (and
this choice is just one among others). In particular, the goal of
our strategy is to identify the electromechanical properties of the
piezoelectric patches (in terms of the components of stiffness, pie-
zoelectric and dielectric tensors) through the measurement of a set
of N undamped natural frequencies of the reference structure,
which represent the system response. Indeed, the parameter esti-
mation technique consists in minimising the difference between
the response of the physical system and the ﬁnite element numer-
ical model which simulates the system response as function of the
elastic and piezoelectric coefﬁcients. The set of coefﬁcients mini-
mizing, i.e. putting to zero, this difference is assumed to be the
set of the actual physical parameters to be identiﬁed. The reference
values of the undamped natural frequencies can be measured
experimentally or can be obtained numerically (via a FE calculation
on a reference structure).
In the general 3D case, the design variables of the optimisation
process are the technical constants of elasticity, i.e.
E1; E2; E3; m12; m23; m13; G12; G23; G13, and the charge coefﬁcients
of the piezoelectric patches, i.e. d31; d32; d33; d24; d15. We do not
need to estimate the dielectric coefﬁcients at constant stress jrij ,
because these values are, normally, provided by manufacturers
and can be easily obtained through capacitance measurements,
so they do not take part into the optimisation process as parame-
ters to be identiﬁed. The vector of design variables can be written
as:
x ¼ fE1; E2; E3; m12; m23; m13; G12; G23; G13; d31; d32; d33; d24; d15g
ð3Þ
Concerning the expression of the objective function, we con-







where ki and kiðxÞ are the eigenfrequencies of the reference struc-
ture and of the FE model, respectively, whilst N is the total number
of natural frequencies used in the analyses.
The parameter identiﬁcation problem considered in our work
belongs to the class of inverse problems. For these problems, the
existence of a solution is not a priori guaranteed. Moreover, it is
rare that any parameter set can exactly match given data. On the
contrary, the parameter set matching a given observed state might
not be unique. Nevertheless, no proved theoretical rules exists in
literature, see (Sun, 1999; Tarantola, 1988), to deﬁne the number
of data points N for a given number of design variables n that have
to be identiﬁed. Generally, the inverse problem is stated as a non-
linear least-square problem and it can be viewed as an over-deter-
mined system of equations (Sun, 1999; Tarantola, 1988). Since more
observation points exist than parameters (N is usually much great-
er than n) there are more equations than unknowns. If an optimal
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many combinations of parameters that result to be equivalent
optimal solutions for the non-linear least-square problem. Consid-
ering all these aspects and according to what is usually done in lit-
erature, we considered a number of natural frequencies N (the
observed state) greater than the number of the parameters to be
identiﬁed. In our work the number of eigenfrequencies N is chosen
in such a way that the numerical model shows a certain level of
redundancy, i.e. the number of considered natural frequencies is
at least twice the number of the design variables.
Along with the previous remarks, we have to consider the exis-
tence constraints that must be imposed on the technical constants
of elasticity of the piezoelectric patches, in order to ensure the
positive deﬁniteness of the stiffness tensor C
bE ¼ ðSbEÞ1, see (Jones,
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Several works, that can be found in literature, make use only of
some of the previous constraints. In particular, in these studies,
only the g1; g4; g6; g9; g10 and g11 constraints are considered.
Nevertheless, they are not sufﬁcient in order to ensure the positive
deﬁniteness of the tensor C
bE . To this purpose, in this work is
adopted, for the ﬁrst time, the full set of constraints that have to
be imposed to ensure the existence of the tensor C
bE (even if high-
er-order 2D theories are employed to model the piezoelectric
patches) in agreement with the formulation reported in Jones
(1975).
Finally, the problem of the identiﬁcation of the electromechan-
ical properties of the patches for the active plate can be stated as a








>: ð6ÞFig. 2. Structure of BIANCA and the interface with external software.3.2. Numerical strategy
Multi-population genetic algorithms (Balasubramaniam and
Rao, 1998; Montemurro et al., 2011; Vincenti et al., 2010) are good
candidates to deal with identiﬁcation problem of electromechani-
cal properties. The selected GA should be able to treat constrained
and unconstrained hard combinatorial optimisation problems in
engineering. Therefore, an improved version of GA BIANCA, see
(Montemurro et al., 2011; Vincenti et al., 2010) is used for ourapplication in order to solve the NLPP of Eq. (6). It is substantially
constructed on a classical scheme of standard GAs, see Fig. 2, and
based on the Darwinian evolution of species, but it shows however
several original features. The effectiveness and robustness of our
GA reside upon the generality and richness in the representation
of the information, and on the way the information is extensively
exploited during genetic operations. According to the metaphor
adopted by GAs, each point in the design space corresponds to
an individual and its genetic structure is composed of chromo-
somes and genes (Goldberg, 1994; Michalewicz, 1994). Our GA is
able to cross individuals belonging to different species, i.e. speci-
ﬁed by a different number of chromosomes. Moreover, the infor-
mation restrained in the population is treated in such a way to
allow for a deep mixing of the individual genotype. In particular,
the reproduction operators, i.e. crossover and mutation, act on
every single gene of the individuals, so allowing for a true indepen-
dent evolution of each design variable. In our GA, an individual is
represented by an array of dimensions nchrom  ngene. The number
of rows, nchrom, is the number of chromosomes, while the number
of columns, ngene, is the number of genes. Basically, each design
variable is coded in the form of a gene, and its meaning is linked
to both the position and the value of the gene within the chromo-
some. Fig. 3 shows the genotype of the generic individual, whilst
Table 2 shows the design domain for the optimisation problem of
Eq. (6). For more information about the used GA, the reader is
referred to (Montemurro et al., 2011; Vincenti et al., 2010).
The constrained minimisation problem, formulated in Eq. (6), is
transformed into an unconstrained one deﬁning the penalised
objective function as:




whereUP is the penalised error function for the active plate,U is the
unpenalised counterpart, while Gk is the kth violated constraint, q is
the total number of violated constraints and ck is the kth penalisa-
tion coefﬁcient. The constrained minimisation problem is treated by
our GA according to a classical penalisation scheme. An original
method has been developed in our code for automatically choosing
and updating the penalization coefﬁcients, which is called Auto-
matic Dynamic Penalisation (ADP) method.
For every individual at each generation, the evaluation of the
objective and constraint functions is performed via a FE analysis.
Hence, we need to couple the GA with a FE code: to this purpose
we have developed an interface with external software within
the new version of BIANCA. The structure of this interface is shown
in Fig. 2. It can be noticed that, since the objective function is eval-
uated via a FE calculation, some care must be taken in evaluating
the unpenalised objective function in Eq. (7). As it clearly appears
from Eq. (7) when the constraints of Eq. (5) on the existence of the
Fig. 3. Structure of the individual’s genotype for the optimisation problem (6).
Table 2
Design variables and their bounds for the optimisation problem (6).
Design variable Type Lower bound Upper bound
E1 (GPa) Continuous 1.0 100.0
E2 (GPa) Continuous 1.0 100.0
E3 (GPa) Continuous 1.0 100.0
m12 Continuous 1.0 0.5
m23 Continuous 1.0 0.5
m13 Continuous 1.0 0.5
G12 (GPa) Continuous 1.0 50.0
G23 (GPa) Continuous 1.0 50.0
G13 (GPa) Continuous 1.0 50.0
d31ð1012 m=VÞ Continuous 500.0 100.0
d32ð1012m=VÞ continuous 500.0 100.0
d33ð1012m=VÞ continuous 100.0 800.0
d24ð1012m=VÞ continuous 100.0 800.0
d15ð1012m=VÞ continuous 100.0 800.0
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ysis via the ANSYS code and then the unpenalised objective func-
tion of Eq. (7) cannot be estimated. To overcome this difﬁculty,
concerning the unfeasible points the unpenalised objective func-
tion is calculated by assuming that the numerical eigenfrequencies
kiðxÞ are equal to 0. In this way, the error function of Eq. (4) as-
sumes the maximum value for each unfeasible point, i.e. the rela-
tive error on each natural frequency for each unfeasible point is
equal to 100%.
The behaviour of the active plate in terms of natural frequencies
is, substantially, a purely mechanical phenomenon: in fact the elas-
tic properties of the piezoelectric material have a stronger effect on
the response of the structure, when compared to the one of the pie-
zoelectric coefﬁcients. Thus, due to the different order of magni-
tude of the sensitivities of the eigenfrequencies to the different
types of design variables, in agreement with the strategy conceived
by Araújo et al. (2002, 2006), we divided the optimisation process
in two phases (we remark that the elastic properties of the com-
posite plate are known a priori). In the ﬁrst phase, only the elastic
properties of the sensors are identiﬁed, imposing the closed-circuit
condition (in order to obtain the elastic constants at constant elec-
tric ﬁeld). In the second phase we impose the open circuit condi-
tion on the piezoelectric sensors in order to estimate the value of
the piezoelectric charge coefﬁcients of the material. In this way,
the inverse problem of the identiﬁcation of material parameters
is solved separately in two different subspaces: in other words,
we try to ﬁnd a solution for the problem of minimum distance (be-
tween target values of the eigenfrequencies and the numerical
ones) by solving the problem ﬁrstly in the space of elastic param-
eters (which have the strongest effect on the values of natural fre-
quencies) and then, using the elastic parameters found in the ﬁrst
step, in the subspace of piezoelectric parameters (whose effect on
the dynamic response of the structure is negligible when compared
to the previous one). In each phase, the formulation of the identi-
ﬁcation problem is expressed by Eq. (6) and the resolution is per-
formed using the new version of the genetic algorithm shown in
Montemurro et al. (2011).
To prove the convergence of this approach we could restart the
whole process by inserting in the ﬁrst phase, for the piezoelectric
charge coefﬁcients, the values issued from the second phase. Then
we could evaluate the new set of elastic constants of the piezoelec-
tric material and we could use them in the second phase and so on,until to reach the convergence between two consecutive values of
the design variables. We have previously checked that only one
step, i.e. solving the optimisation problem only one time in closed
and open circuit conditions, is sufﬁcient to obtain good values of
the electromechanical properties of the patches.4. Numerical results
With the purpose of validating our optimisation strategy, in this
section we present a simulated case study. The geometry of the ac-
tive plate and the material properties of the elementary layer of the
base laminate are those discussed in Section 2. In order to ﬁnd a
solution to the optimisation problem of Eq. (6) we need to deﬁne
the reference values of the eigenfrequencies ki in Eq. (4). Moreover,
these values must be estimated for both the phases of the whole
procedure, i.e. for both closed and open circuit conditions.
Concerning the piezoelectric patches we use as target material
(and hence as reference solution) the PZT-5H piezoelectric alloy
(Piefort, 2001), which is a transversely-isotropic material and
whose properties are listed in Table 3. For both phases of the opti-
misation procedure we perform a free-vibration analysis and we
evaluate the ﬁrst N = 30 eigenfrequencies. Moreover, after a preli-
minary mesh sensitivity study, the dimensions of shell elements
are chosen equal to 2.5  2.5 mm2, while the dimensions of solid
elements are 2:5 2:5 1:0 mm3 (we have previously checked
that a single element in the thickness of the patch is sufﬁcient to
capture the correct mechanical response of the patch). Finally,
the number of DOFs of the whole model is 148876. We remark
that, as said in Section 3, the design variables are only the technical
constants of elasticity and the piezoelectric charge coefﬁcients: for
both open and closed-circuit conditions we assume that the values
of the permittivity coefﬁcients are those of the reference material
shown in Table 3.
4.1. Phase I: closed-circuit conditions
The main goal of this phase is the estimation of the elastic mate-
rial properties of the piezoelectric sensors at constant electric ﬁeld.
Concerning the genetic parameters for this ﬁrst calculation, we use
Npop ¼ 2 different populations with Nind ¼ 50 individuals for each
population evolving along 100 generations. The exchange of infor-
mation among the populations is performed through a ring-type
operator every 20 generations, with a probability which is auto-
matically evaluated by the GA itself. The crossover and mutation
probability are pcross ¼ 0:85 and pmut ¼ 1=Nind, respectively.
The choice of using multiple populations of small size, i.e. with a
small number of individuals, is motivated by the fact that we want
to ﬁnd the global minimum with a good level of accuracy without
increasing too much the time of calculations. Indeed, the exchange
of informations between the best individuals of different popula-
tions (through the use of the ring-type operator), and hence the
possibility of crossing them, allow the GA to explore the feasible
design domain and to handle the genetic information in the best
way. More details about the use of multiple populations can be
found in Montemurro et al. (2011); Vincenti et al. (2010).
Table 4 shows the values of the technical constants estimated in
this phase compared to the target values, along with the values of
the natural frequencies of free vibration and the residuals ri
obtained after the identiﬁcation. Residuals are deﬁned as:
ri ¼ ki  ki
ki
 100 ð8Þ
where ki and ki are the eigenfrequencies produced by the FE model
after identiﬁcation and the corresponding reference values, respec-
tively. In this simulated test case, for both phases of the optimisation
Table 3
Electromechanical properties for the reference material PZT-5H.
Elastic coeff. Charge coeff. Permittivity coeff. Density
E1 (GPa) 62.0 d31ð1012m=VÞ 240.0 11ð109F=mÞ 15.0 q (kg/m3) 7730
E2 (GPa) 62.0 d32ð1012m=VÞ 240.0 22ð109F=mÞ 15.0
E3 (GPa) 57.0 d33ð1012m=VÞ 500.0 33ð109F=mÞ 13.0
G12 (GPa) 23.3 d24ð1012m=VÞ 730.0
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the reference material listed in Table 3. The deﬁnition of the residu-
als of Eq. (8) is also used in the second phase of the optimisation
procedure.
Fig. 4 shows the variation of the best solution along the gener-
ations and that of the average of the objective function on the
whole population vs. the number of generations. It can be noticed
that the second population reaches the optimal solution after only
15 generations.
4.2. Phase II: open circuit conditions
In this second phase of the optimisation process, open circuit
conditions are imposed on the electroded piezoelectric patches in
order to identify the piezoelectric charge/stress coefﬁcients. Thus,
the design variables of this phase are the components of the tensor
d. Concerning the stiffness properties of the patches, they are de-
ﬁned using the values of the technical constant of elasticity issued
from the ﬁrst phase. Moreover, also in this phase the reference val-
ues of the natural frequencies ki are evaluated using in the FE mod-
el (with open circuit conditions) the properties of the target
material listed in Table 3.
Concerning the genetic parameters, they are strictly those used
in the previous phase. Table 5 shows the values of the piezoelectric
charge coefﬁcients estimated in this phase compared to the target
values, along with the values of the eigenfrequencies and the resid-
uals ri obtained after the identiﬁcation. Fig. 5 shows the variation
of the best solution along the generations and that of the average
of the objective function on the whole population vs. the number
of generations. It can be noticed that the second population
reaches the optimal solution after only 20 generations.
We remark that the use of the stacking sequence discussed in
Section 2 for the composite base plate along with its geometrical
dimensions avoids the problem of having double modes.
The results of the simulated test case show that, for both the
phases of the optimisation process, the error function is drastically
minimised. From Tables 4 and 5, it can be noticed that we have a
good agreement among the target properties and the identiﬁed
ones. Moreover, our GA leads us to reach, with a high precision,
the values of the reference natural frequencies of the active plate
for both closed and open circuit conditions (the highest residual
on the eigenfrequencies in the whole process is about 0.1%). This
means that the proposed approach is very effective in ﬁnding a real
global minimum when dealing with such optimisation problems.
Nevertheless, looking at the results presented in Tables 4 and 5,
we can conclude that the identiﬁcation of E3 and d33 is not very
good, because these quantities are estimated with a relative error
of about 10%. This is due to the fact that, despite 3D elements
are employed to model the piezoelectric transducers, the effect
of E3 and d33 on the dynamical response of the plate, in terms of
natural frequencies, is negligible: in fact, the thickness-to-length
ratio of such a patch is low, i.e. the patch itself is a thin plate.4.3. Effect of the noise on the identiﬁed properties
The presence of noise on the target data (in the present
problem, the measured eigenfrequencies of the plate) in inverse
problems can cause difﬁculties for the identiﬁcation process. The
existence of a solution is not guaranteed, particularly if the
observed data contains errors or if the mathematical model, used
to describe the physical system, is grossly incorrect. Parameter
identiﬁcation is an inherently noisy process. There are several
unavoidable sources of error, including observation error, model
Fig. 4. (a) Best and (b) average values of the objective function along generations for the active plate FE model, closed-circuit conditions.
Table 5
Identiﬁed properties, simulated eigenfrequencies and residuals obtained after
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matter the reader is addressed to (Tarantola, 1988).
Though parameter identiﬁcation problems are subject to sev-
eral source of noise, any optimisation problem that depends upon
numerical approximations can also be prone to the presence ofnoise. Optimisation in presence of noise is a well known topic that
has already been treated by several authors, see for example
(Borggaard and Vugrin, 2002; Burman and Gebart, 2001; Fitzpa-
trick and Grefenstette, 1988).
Noise might strongly affect identiﬁcation when the optimisa-
tion problem is solved by the use of a gradient-based algorithm.
On the contrary, even if the performances of GAs can be affected
by numerical noise, the absence of gradient approximations re-
duces the effect of noise on the evolutionary strategies. Spurious
local minima or discontinuities caused by noise will not preclude
the use of the metaheuristics. Noise, however, can affect the deci-
sions made during exploration of the search space, thus affecting
the outcomes of the algorithm. Evolutionary algorithms have been
hailed as effective in the presence of numerical noise (Fitzpatrick
and Grefenstette, 1988; Balasubramaniam and Rao, 1998).
Even if we use an evolutionary strategy, namely a GA-based ap-
proach, in order to solve the identiﬁcation problem of Eq. (6), it is
interesting to evaluate the effect of noise on the performances of
the optimisation process: therefore we artiﬁcially introduce statis-
tical errors within the observed data, and we study the effect on
the values of the identiﬁed electromechanical parameters found
at the end of the optimisation process.
The inﬂuence of the noise on the reference values of the eigen-
frequencies ki (both for closed and open circuit conditions) is con-
sidered through the following steps:
 ﬁrstly, a subset of m eigenfrequencies is extracted from the
whole set of N = 30 reference eigenfrequencies considered in
the previous analyses. The number m as well as the involved
natural frequencies composing this subset are randomly cho-
sen. The number m of frequencies of the subset can randomly
vary between 8 and 16;
 secondly, the eigenfrequencies composing this subset are per-
turbed with a given level of noise. We consider three different
cases: in the ﬁrst case each one of the m natural frequencies
is disturbed with a noise that can vary randomly between
0.1% and 1.0% of the corresponding unperturbed reference
value, in the second case the noise on each frequency can vary
between 0.1% and 2.0%, and ﬁnally in the last one the noise level
can vary between 0.1% and 5.0%.
Concerning the genetic parameters, they are strictly those used
in the previous calculations. Fig. 6 shows the variation of the best
solution along the generations (both for closed and open circuit
conditions) in presence of noise for each of the three considered
Fig. 5. (a) Best and (b) average values of the objective function along generations for the active plate FE model, open circuit conditions.
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on the identiﬁed electromechanical properties is detailed in Table
6. From Fig. 6, we can see that if the noise level is smaller than
2%, the GA converges toward the global feasible minimum after
about 15 generations. Moreover, concerning the ﬁrst two cases,
the objective function for the best individual is still within accept-
able values, the estimated electromechanical properties being
within reasonable relative errors.
We can conclude that if the noise level on the natural frequen-
cies is smaller than 2%, the GA leads to obtain a good estimation of
the electromechanical properties of the patches, the maximum rel-
ative error on the identiﬁed parameters being always on the values
of E3 and d33 (about 10%). Nevertheless, if the noise level is greater
than 2% the electromechanical properties are not well estimated,
particularly the in-plane elastic constants, i.e. m12 and G12, whose
relative errors become greater than 54% and 21%, respectively.
5. Conclusions
In this paper, an investigation to identify the overall electrome-
chanical properties of piezoelectric transducers in the full three
dimensional case has been proposed. The problem of the estima-
tion of the electromechanical properties of an active plate is statedFig. 6. Best values of the objective function along generations in presence of noise for thas a constrained minimisation problem: the objective function is
built as an error estimator of the least squares type and it is based
on the dynamic response of the structure in terms of its eigenfre-
quencies. An evolutionary algorithm is employed to solve the min-
imum problem so formulated. The numerical strategy is articulated
into two phases: the ﬁrst part concerns the identiﬁcation of the
elastic properties of the transducer under short circuit condition
of the electrodes, while the second one is done under open circuit
condition in order to increase the effect of the electric ﬁeld on the
dynamic responses of the structure.
The employed genetic algorithm leads us to reach, with a high
precision, the values of the reference natural frequencies of the ac-
tive plate for both closed and open circuit conditions: this means
that the proposed strategy results very effective when dealing with
such kind of problems. Moreover, we have a good agreement
among the target properties and the identiﬁed ones.
The key points of the present work are on one hand the estima-
tion of the whole 3D set of electromechanical properties of the pie-
zoelectric transducers and on the other side (about the formulation
of the inverse problem as a constrained minimisation problem) the
use of the full set of constraints that must be imposed to ensure
the positive deﬁniteness of the stiffness tensor of the material of
the patches.e active plate FE model, (a) closed-circuit conditions and (b) open circuit conditions.
Table 6
Effect of noise on the identiﬁed electromechanical properties.
Reference value 1% noise 2% noise 5% noise
(% error) (% error) (% error)
E1 (GPa) 62.0 62.5 62.7 65.0
(0.81) (1.13) (4.83)
E2 (GPa) 62.0 62.5 62.7 65.0
(0.81) (1.13) (4.83)
E3 (GPa) 57.0 51.0 51.5 60.0
(10.53) (9.65) (5.26)
G12 (GPa) 23.3 24.03 24.11 28.26
(3.13) (3.48) (21.29)
G23 (GPa) 23.0 23.0 23.3 23.5
(0.0) (1.3) (2.17)
G13 (GPa) 23.0 23.0 23.3 23.5
(0.0) (1.3) (2.17)
m12 0.33 0.30 0.30 0.15
(9.09) (9.09) (54.55)
m23 0.44 0.43 0.43 0.42
(2.27) (2.27) (4.55)
m13 0.44 0.43 0.43 0.42
(2.27) (2.27) (4.55)
d31½1012m=V 240.0 255.0 256.0 283.0
(6.25) (6.67) (17.92)
d32½1012m=V 240.0 255.0 256.0 283.0
(6.25) (6.67) (17.92)
d33½1012m=V 500.0 551.0 551.0 542.0
(10.2) (10.2) (8.4)
d24½1012m=V 730.0 750.0 751.0 785.0
(2.74) (2.88) (7.53)
d15½1012m=V 730.0 750.0 751.0 785.0
(2.74) (2.88) (7.53)
1892 M. Montemurro et al. / International Journal of Solids and Structures 49 (2012) 1884–1892The proposed approach is not limited to monolithic piezoelec-
tric transducers but can be easily applied to the identiﬁcation of
the electromechanical properties of piezocomposite transducers,
even in the case of active structures with complex geometry.
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